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Abstract 



I Wc consider antiPoisson superalgcbra realized on the smooth Grassmann-valucd functions 

"j^ I of the form £,fo{x) + fi{x), where /o has compact support on K^, and with the parity opposite 

to that of the Grassmann superalgebra reahzed on these functions. The deformations with 
even and odd deformation parameters of this superalgebra are found. 

T— I ■ 
> 

^ : 1 Introduction 

oo 

Let G" be a Grassmann algebra on n indeterminates. In [1] we described the deformations 
^ ■ of antiPoisson superalgebra realized on the space D„ of smooth G"-valued functions with 

compact support on M" and show that there exists either one deformation with one even 
deformation parameter, or one deformation with one odd parameter. During the proof of 
this statement, the second cohomology space -ff^(D„,E„) was calculated, where E„ is the 
space of smooth G"-valued functions on R"', and it was shown that dimH^(Dn, E„) = 1|1 if 
n > 2 and dim H'^{'Di,Ei) = 3|3. 
, Let DE be the space of G^-valued functions of the form f{x,^) = ^fo{x) + where 

/o and /i are smooth functions on M}, such that /o has compact support, and ^ is the only 
generating element of the Grassmann algebra G^. 

Here we explore the observation, that H^{'Di,Ei) = H'^{'Di,'DE) C iJ2(DE,DE), and 
that DE may have a deformation with several even and several odd deformation parameters. 
In the present work, we found the deformations of Poisson antibracket realized on DE. 
Particularly, we found all the deformations with one even and at most three odd defor- 
mation parameters, and all the deformation of some particular form with arbitrary number 
of odd parameters. 

The text is organized as follows. For background, see Section |2J Section [3] contains 
calculation of if^(DE,DE). This space is much wider than if^(Di,Ei) and the additional 
cocycles are parameterized by the elements of the quotient space V /{C^)' 
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Theorems 16.11 and 16.21 describing the deformations are formulated in Section |6l 
Main Theorems (15.11 and 16. 2p are proved in Appendices [2ll6l 

2 Preliminary and notation 

Let K be either M or C. We denote by D(M") the space of smooth K- valued functions with 
compact supports on M". This space is endowed with its standard topology. We set 

D„ = V(R'') ® G", E„ = C°°(M") ® G", 

The generators of the Grassmann algebra (resp., the coordinates of the space M") are denoted 
by a = 1, . . . ,n (resp., x^, i = 1, . . . ,n). We also use collective variables which are 
equal to for A = 1, . . . , n and are equal to for A = n + 1, . . . , 2n. 

The spaces D„ and E„ possess a natural parity which is determined by that of the 
Grassmann algebra. The Grassmann parity of an element / of these spaces is denoted by 

The spaces D„ and E„ possess also another parity e which is opposite to the e-parity: 
e = e + l. 

We set £:a = 0, = 1 for y4 = 1, . . . , n and Ea = I, = for A = n + 1, ... , 2n. 
It is well known, that the bracket 

[f^9]iz) = ± (^m^^9i^) - f(')^^9{^)) ' (2-1) 

which we call " antibracket" , defines the structure of Lie superalgebra on the superspaces D„ 
and E„ with the e-parity. 

We call these Lie superalgebras antiPoisson superalgebras^ 

The integral on D„ is defined by the relation J dzf{z) = J^ndx J d^f{z), where the 
integral on the Grassmann algebra is normed by the condition J (i^ . . . ^" = 1. We identify 
G"' with its dual space G'" setting f\g) = J f{^)g{^), f,g E G". Correspondingly, the 
space of continuous linear functionals on D„ is identified with the space ©'(M*^) ® G" 
and E; is identified with the space (C~(M"))' ® G". 

The value m{f) of a functional m G on a function / G D„ will be often written in 
the integral form: m(/) = J dz'm{z)f{z). 

Introduce the superalgebra DE„, D„ C DE„ C E„ by the relation 

DE„ = {/gE„: /- j d^e---Cf ^'Dn}. (2.2) 

Clearly, if / G DE„ and g G DE„, then [f,g] G D„. 

Below we consider the case n = 1 only. For simplicity we will denote ©(M) as D, C°°(]R) 
as E, DEi as DE. Besides we will denote Di as D, Ei as E. 

It follows from (12. 2p that DE consists of the functions of the form / = ^/o(x) + fi{x) 
where /o G -D and fi E E. 



^ We will also consider associative multiplication of the elements of considered antiPoisson superalgebras 
with commutation relations fg = {—iy^-^'''^^^^gf- 
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3 Cohomology of antibrackets 

Let U be either D or DE. Let U acts in a Z2-graded space V (the action of / G U on 

V & V will be denoted by f ■ v). The space Cp(U, V) of p-cochains consists of all multilinear 
superantisymmetric mappings from to V. Superantisymmetry means, as usual, that 
Mp(...,/„ /,+!,...) = -(-l)^(/«W»+i)Mp(...,/i+i, /,,...). The space CpiV,V) possesses a 
natural Z2-parity: by definition, Mp G Cp(U, V) has the definite parity if 

e(Mp(/i, ...,U)) = + e(/i) + • • • + e(/p) 

for any fj G U with e-parities e(/j). Sometimes we will use the Grassmann e-paritjj^ of 
cochains: Em^ = e^p + p + 1. The differential dp is defined to be the linear operator from 
Cp(U, V) to C'p+i(U, V) such that 

p+i 

- .../,_!, [/„ /„ (3.1) 

for any Mp G Cp(U, V) and /i, . . . , /p+i G U having definite e-parities. Here the sign" means 
that the argument is omitted and the notation 

k(/)k, = EK/o 
i=i 

has been used. The differential dX is nilpotent (see [2]), i.e., dp_^_^dp = for any p = 
0,1,.... The p-th cohomology space of the differential dp will be denoted by Hy. The 
second cohomology space H^^ in the adjoint representation is closely related to the problem 
of finding formal deformations of the Lie bracket [■, ■] of the form [/, = [/, g] + h[f, ^fji + . . . 
up to similarity transformations [/, (?]t = T~^[Tf,Tg] where continuous linear operator T 
from V[[h]] to V[[h]] has the form T = id + hTi. 

The condition that [■, -Ji is a 2-cocycle is equivalent to the Jacobi identity for [-, -j^ modulo 
the /i-order terms. 

In the present paper, similarly to [5], we suppose that cochains are separately continuous 
multilinear mappings. 

We need the cohomologies of the antiPoisson algebra DE in the adjoint representation: 

V = DE and f ■ g = [f,g] for any /, G DE. The space Cp(DE, DE) consists of separately 
continuous superantisymmetric multilinear mappings from (DE)^ to DE. In fact, we need 
here the case p = 2 only. 

We call p-cocycles , . . . independent cohomologies if they give rise to linearly in- 
dependent elements in H^. For a multilinear form Mp taking values in D, E, or DE, we 
write Mp{z\fi, . . . , fp) instead of more cumbersome Mp(/i, . . . , fp){z). 



^If V is the space of Grassmann- valued functions on M" then e defined in such a way coincides with usual 
Grassmann parity. 
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The following theorem proved in |1] and [T] describes p = 2 cohomology of antibracket 
Theorem 3.1. Let the bilinear mappings m2\i, m2\2, 'm2\3, ?Ti2|4; ''^2|5j one? m2\Q from 
(D)^ to E be defined by the relations 



m2ii{z\f,g) = J dudrjg{u)dyf{u), e^^n = (3-2) 

^212(^1/,^?) = j du9{x-y)[d,g{u)d'j{u)-d,f{u)dlg{u)] + 

+x[{d^dlf{z)}d^dM^) - {d^d.Jiz)}d^dlgiz)], em,,, = 1, (3.3) 

^213(^1/, g) = (-l)^^^H(l - - N^)9iz), e„,|3 = 1, (3.4) 

m2\,{z\f,g) = i-iy^f^{Afiz)}S.giz) + {£Jiz)}Agiz) e^,„ = 0. (3.5) 

m2i,{z\f,g)= [ du{-l)<-f^dyf{u)dyg{u), e^,,, = 0, (3.6) 



m2\e{z\f,g) = j du9{x-y){-iy^^'>dyf{u)dyg{u), em,,^ = (3.7) 
where z = {x,^), u = {y,ri), = C,d^, and 

A = d^d^, S, = l-^{xd^ + ^d^) (3.8) 

Then dimH'^{'D,Fi) = 3|3 and the cochains m2\i{z\f, g) , m2\2iz\f, g) , m2\3{z\f, g) , 
m2\4:{z\f, g) , m2\5{z\f, g) , and m2\6{z\f, g) are independent nontrivial cocydes. 

Observe that in fact all the forms m2\i {i = 1,...,6) take the value in DE and can 
be extended from to DE^ taking the value in DE. So, H^{I),E) = H^CD^BE) C 
i/2(DE,DE). 

To find if^(DE,DE) we have to determine whether DE has 2-cocycles different from 
m2\i {i = 1, ...,6). 

The following theorem answers this question. 
Theorem 3.2. 

1. Let M e D', M ^ E' and let M{f) = J dx^i{x)f{x) with some distribution fi. Then 
bilinear form m2\-j{M) defined as 



m2\j{M\f,g) = j dzi^i{x)U\g] (3.9) 

or, equivalently, 

m2iriM\f,g) = M (^j di i[f,g]^ (3.10) 

is representative of nontrivial element ci/-?J^(DE, DE). 
2. Up to exact form, each element in iJ^(DE,DE) has the form 

6 

m2 = ^Qm2|i + m2|7(M), (3.11) 

i=l 



where m2\i are listed in (E1)-(Q, and M ^D'/e' 
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Note, that if M G E\ then m2\7{M) = diM. 
Proof. 

Let m2 be nontrivial cocycle in C^(DE, DE), i.e. d2Tn2 = and there does not exist such 
mi e C°°(DE,DE) that = c?imi. 

Consider the restriction m2\-D2 of m2 to D^. As this restriction is a cocycle in C^(D, DE), 
this restriction has the form 

6 

1 

with some rui G C^(D, DE). Denoting (m2 — Xli (^i^2\i) as ^^2 we obtain 

n2|D2 = dinii. 

Let us look for such nii G C^(D,DE) that dinii can be extended to C^(DE, DE) and 
mi can not be extended to C^(DE, DE). 

Straightforward calculation gives that mi{f) = M{J d^C,f), where M G D', M ^ E'. 

Indeed, dimi{f,g) = M{J d^^[f,g]) G C2(DE,DE) because [f,g] G D if G DE. ■ 

In Appendices |2] - El we use the notation u both for the linear functional M G D'/ E' 
defining cocycle m2|7 in Theorem 13.21 and for the kernel of this functional. 

4 Deformation with even and odd parameters. Pre- 
liminary. 

It occurred, that there exist odd second cohomologies with coefficients in adjoint representa- 
tion. It is natural to look for the deformations associated with these odd cohomologies and 
having the odd deformation parameter [5], [6]. 

Below we consider the case, where the functions and multilinear forms may depend on 
outer odd parameters 6*,, where 9-s belong to some super commutative associative superal- 
gebra A. Thus we consider a colored algebras DE (g) A, Cp(DE,DE) (g) A,... with {Z2Y 
grading, namely the grading of element ^ ® / is (£:i(^), e2(/))- 

We preserve the notation DE for DE (g A. 

We can consider DE as a Lie superalgebra with the parity e = ei + €2. One can easily 
check that such consideration is selfconsistent (see also [7] and discussion on Necludova and 
Sheunert theorems in [8]. 

As the second cohomology space with coefficients in adjoint representation has the di- 
mension 3 1 3, it is natural to suppose that A = G"^. For this case all the deformations are 
found (see Theorem 16.11 and Theorem 16. 2p and listed in Subsection 16. 1[ 

Nevertheless, it is possible to consider other superalgebras A. In what follows, we consider 
the deformation of the form 

00 

c = j2f^'cm (4.1) 

1=0 

where 'ZLo ^^Ci{e) G C2(DE, DE) ® G'" and sq < si < S2 ... . 

During the proofs, we assume that all the ^-s has the same order that and sometimes 
we stress this by writing C{h, hOj). 
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5 Algebra of Jacobiators 

Before formulate (and prove) the main theorem of present work, which describes the defor- 
mations of antibracket on DE, we have to calculate all the Jacobiators Jjj = J{m2\i,m2\j) 
for i,j = 1,...,7). 

As it was mentioned above, we define Jacobiator of bilinear forms by nonlinear way. Let 
m and n be bilinear forms. Then 

J{m,n){f,g,h) = {-ifM^^ {m{n{f,g),h) + {-lf^^<MHf,9),h)) + 

+cycle{f, g, h) ii m ^ n (5.1) 
\j{m,m){f,g,h) if e(m) = 0, ^^2) 



(5.3) 



J(m)(f,g,h) — 1 n -r / N 1 
^ ^^•' ^^ ' if e(m) = 1. 

Jacobiator is connected with the differential by the relation 

d2m{f,g,h) = -{-l)<f^<^^J{m2\o,m){f,g,h), 



where m2\oif,g) = [/. 5-] 

The Jacobiators of each pair of cocycles Jij = J{'m2\i,m2\j) are described here for i,j = 
1,...,7 

In the next table stars denote all the pairs i,j such that Jij ^ and has not the form 
J{m2\o,'n2) with some 2-form n. The sign "X" denote all the pairs i,j such that we don't 
need Jjj for deriving the deformations of DE: 



i\j 


1 


2 


3 


4 


5 


6 


7 


1 








* 


* 











2 








* 


* 





J{m2\Q,m2\9) 


J(m2io,m2iio(M)) 


3 


* 


* 





* 


* 


* 


* 


4 


* 


* 


* 


X 


* 


* 


* 


5 








* 


* 
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J(m2|0,m2|9) 


* 


* 








J(m2|o,m2|8(M)) 


7 





J(m2|o,m2|io(M)) 


* 


* 





J(m2|o,m2|8(M)) 






Expressions for needed nonzero Jij and for the forms m2\s, fn2\g, 7712110 are listed below. 
We use in what follows the notation 6 for smooth function such that 6{x) — 6{x) has 
compact support. 



5.0.1 J. 



4,4 



We have no needs to calculate 74^4 because we know from [5] and [1] that m2|4 generates the 
deformations 



[/, 9l = [f,9] + 



where C4 is a series in h and h?6i6j such that C4 



h=o 



0. 



5.0.2 J. 



4,5 



JA,b = d^cgoix) J dy dyho dyfi - d^ho{x) j dy dygo dyfi + 
+ J dyfii dygo 9j/io - dyh dlgo) + 
+ 1 j dyhi dlgoil - y dy)ho - dlho{l - y dy)go) + 



+cycles 

5.0.3 J4,6 



J46=-^ J du9{x-y)r]y{-dlAg{u)Af{u) + d'yAf{u)Ag{u))h + 
+ ^xi-d,Ag{z)Afiz) + d,Afiz)Agiz))il - ^d^)h{z) - 



—Af{z) J du6{x — y)r]dridyg{u)h{u) + Ag{z) J du6{x — y)'qh(u)dj^dyf{u) + cycles 
5.0.4 J4,7 

f 1 1 

J47 = / durifx{y)[{Afd^g - d^f Ag){-dy + -ydl)h + {d^fdyAg - dyAfdr^g){l - -ydy)h] 

+Af[z) I durifi{y){dr^gdyh — d^gdr^h) + cycles 



5.0.5 J6,7 

Jq7 = Jimoy^s), where 

ms = I dufl{y){-iy'-^'>dyfiu)dyg{u) (5.4) 

and 

Jl{x)= I dyfi{y){e{y-x)-e{y)) (5.5) 



5.0.6 Ji,3 

Ji3 = -{l-Ni^)h{z) f dudrJ{u)dlg{u) + cycU 
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5.0.7 .1 



2,3 



^2,3 = {l-N^)Kz) j due{x-y)[d^g{u)d'J{u)-d^f\u)d'lg{u)] + 

+ (1 - N^)h{z) [x{d^dlf{z)}d^d,g{z) - x{d^dj{z)}d^dlgiz)] + cycle 

5.0.8 Ji,4 

Ji4 = Ah{z) J durjdrig{u)dyd^f {u) + cycle 

5.0.9 J2,4 

J24 = 2Ah{z) J dur]9{x — y)dr^g{u)dydr^f{u) + /oc + cycle 

Here we denote as loc some local 2-form. We don't need its specific form for deriving the 
deformation. 



5.0.10 J2,6 

J2& = J{TTT'0,m9) where 

5.0.11 J2,7 

t/27 = <^("^0)"^io) where 



m9{f,g) = d^d^[f,g] (5.6) 



mio = J dz^fx{x) (m2\2 {z\f,g) - 9{x) J du[d^ g{u)dl f{u) - f{u)dl g{u)]^ (5.7) 



5.0.12 J34 



J34 = {l-^xdM^-N^)f{z){l-N^)g{z)]Ah{z) + 



(1 _ iV5)/,{_A/(^)(l - N^)S,g - Ag{z){l - N^)SJiz)} + cycle 



5.0.13 J; 



3,5 



Jsb = (1 - N^)Hz) J dudyf{u)dyg{u) + 

dur]{{{l - iV5)/}(l - N^)g)d,dlh + 



5.0.14 J; 



3,6 



5.0.15 J; 



J36 = {{l-N^)h} j du9{x-y)^yf{u)^yg{u)- 
- j due{x - y)r]dy{{{l - N^)f){l - N^)g)dyd^h + cycU 

J37 = - j durifi{y)dy{f ■ g)dr,h + 

(1 - N^)h{z) / dur]fi{y){d^fdyg + dr,gdyf) + cycles 



5.1 Relations between constants 

From these values of Jacobiators the next theorem follows 
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Theorem 5.1. Let V2 = m2\o + ^ Cim2\i + m2\7{M). Then the equation for 2-form X2 

i=l 

J{m2io,X2) = J{V2,V2) (5.8) 

has the solution if and only if 

C4Ci = 0, i 7^ 4, 
C4M = 0, 
csQ = 0, 
C3M = 0. 



In addition, as Ci, C2, C3 are odd Grassmannian elements, we have CjCj = for z = 1, 2, 3. 

It follows from this theorem that we have no needs to calculate the Jacobiators that have 
the products C4Q (i 7^ 4) or C3Q) as a coefficients. Namely we have not to calculate J/^^s, <^4,9, 
<^4,iO! 0^3,8! "^3,9 and J3,io- As well, because C2C2 = we have not to calculate J2,9, ^2,10; "^9,9; 

5.2 Jacobiators Jg^, Jg^, Jio,z. 

The Jacobiators of each pair of 2-forms Jij = J{m2\i,m2\j) {i = 8,9,10, j = 1,...,10) are 
described in the following table. 



A J 


1 


2 


3 


4 


5 


6 


7 


8 


9 


10 


8 





a 


X 


X 














J(m2|o,m2|ii(M)) 
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X 


X 


X 








-a 


J(m2|o,m2iii(M)) 


X 


X 


10 





X 


X 


X 














X 


X 
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The expression for a can be written, but we don't need it here. An important relation 
can be easily verified 

^8,2 + -hj + ^10,6 = (5.9) 

The 2-form m2|ii has the form 

^2111(^1/,^) = - / dur^'ii{y)[d^f{u)d^g"\u) - d^f"\u)dr,g{u)]. (5.10) 



5.3 Jj^ii 

At last, Jj^ii are presented in the following table 





1 2 


3 


4 


5 


6 


7 8 


9 


10 


11 


11 


X 


X 


X 











X 


X 


X 



6 Deformations of antibrackets (Results) 

Theorem 6.1. 

Let 

where C4 is a series in h and h?6i6j such that C4|;i=o = 0. 

Let 9 he smooth function such that 6{x) — 6{x) has compact support. 

Let M G D'^E'li^^^^k]] be even in 9s and M\fi=Q = and let /i he the kernel of some 
representative of M. 
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Let 



m2 
Tn2\ 

+x 

m2\ 

ni2 

m2 

m2 
m2 
m2 



'z\f,g) = [f,g], 

{z\f, 9)= j dudr, giu)dl f{u) 

{z\f\g) = [ duOix - y)[d^ g{u)dl f{u) - f\u)&l g{u)]- 



[{d^ dl f{z)}d^ g{z) - {d^ f{z)}d^ dl g{z)], e 
3 {z\f, 9) = i-lf^^ {(1 - N, )f{z)}{l - N, )g{z\ e 



"1213 



iAf.g)- 
{Af.g)- 

{M\f,g)- 



dui-l)<^^ dy giu), 



"^215 



(6.2 
(6.3 

(6.4 
(6.5 

(6.6 

(6.7 

(6.8 

(6.9 
(6.10 

(6.11 
(6.12 



Let Ci G ]K[[/j,, h9k\\ (i = 1, Q) be formal series on even parameter h and Grassmannian 
parameters 9k; ci, C2, C3 are odd and other q are even; Ci\h=o = 0. Let Ci satisfy the relations 



8{M\f,g) 



du9{x - y){-lf^^dy f{u)d^ g{u), e^^,^ = 0, 
durifi{y)[f{u),g{u)], e^^i^ = 0, 
duji{y){-l)<f^dyf{u)dyg{u) 



9iz\f,g) = d^d/: [f,g] , 

^o{M\f,g) = j dz^fiix) (m2\2 {z\f,g)- 



~9{x) j du[d^ g{u)dl f{u) - f{u)dl g{u)] 
m2iu{M\f,g)= [ duji{y){d,g{u)dlf{u)-d,f{u)dlg{u)). 



c^Ci = 0, 2 7^ 4, 
C4M = 0, 
csCi = 0, 
C3M = 0. 



(6.13 
(6.14 
(6.15 
(6.16 



Then the bilinear form 



C = m2|o+A^c4+ Cim2|i+m2|7(M)-C6m2|8(M)-C2C6m2|9-C2m2|io(M)-C2C^m2|ii(M 

1=1,2,3,5,6 

(6.17 

is a deformation of antibracket m2\o on DE. 

To prove this theorem it is sufficient to check Jacoby identity for C using previous results 
for Jacobiators. 

The solution fl6.17p is complete in the cases listed in the following theorem. 
Theorem 6.2. Let C be some deformation of antibracket m2\o on DE depending on even 
parameter h and on h9j with Grassmannian generating elements 9j. So, C = WCp{h9k) 
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and C\fi=o = rn2\o. Let ^\fVCp{h9k) depends on generating elements of Q^" (ni < n2 < 
ns < ...). 
Then 



1. If C\e^=Q 7^ Tn2\Q, then C has the form 1^6.11^ , and Ci and M satisfy Ii6.13\) - f6.16\} 



2. IfC\e^=Q = m2|o and Ug < 3 for all s, then C has the form \6.11\) , and Ci and M satisfy 



Corollary If Ug < 3 for all s, then C has the form \6.11\) , and Ci and M satisfy l[6.1!H\) - 
The proof of these theorems can be found in the Appendices. 

6.1 List of possible deformations 

The relations fl6.13p - fl6.16p can be solved under the conditions of each item of Theorem 16.21 
Item ([1]) of this Theorem splits onto 2 possibilities 

1. C4|e=0 7^ 0. 

In this case Ci = C2 = C3 = 0, C5 = Cg = 0, M = and 

C = m2|o + -Mc4 (6.18) 

2. At least one of C5|6i=o, CQ\g=o, M\g=o is not zero. 
In this case C3 = 0, C4 = and 

C = m2\o+ ^ Qm2|i + m2|7(M)-C6m2|8(M)-C2C6m2|9-C2m2|io(M)-C2C6m2|ii(M) 

i=l,2,5,6 

(6.19) 

Now, let us look at the possibilities, that follows from Item of Theorem 16.21 
In this case C4 = h"^ {c4^i0293 + 04^2(^361 + €4^^39162) , where c^^k G Clearly, it is possible 

to choose a new generators of G^, 

G'k= Yl (^^,1^1 (6.20) 

i=l,2,3 

in such a way that C4 = h?c'^^{h)9[92. 

So, it is sufficiently to consider the coefficient C4 in the form C4 = fi?a49i92 where e 

This form of C4 is preserved under the following changes of generators of G^: 

()'k = Y.i=i,2<^kAm k = i,2 

6*3 = 6*3. 

Up to the transformation of the form fl6.20p . Item of Theorem 13.11 gives two possibil- 
ities: 
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1- Q = ^E,=i,2/3/^i + ^Hdi92ez, {i = 1,2), C3 = n^iMOz, 

C4 = h'^a^6i62, C5^6 = Z^fc,Z,m=l,2,3 "^le^fc'm^'^m, M = J2k,l,m=l,2,3 ^k^klmf^lSm, 

where ^4, a^, A, 7. e K[[;i]], 
In this case 

C = m2|o + ^ Cim2\i + m2\7{M) - CaCgmsig - C2m2\io{M) (6.22) 

1=1,2,3,4,5,6 

2. a = 9iCi, M = 9iM. 
In this case 

C = m2\o + 9il Yl ^^"^2|^ + m2|7(M) ) . (6.23) 
\j=i, 2,3,4,5,6 / 

Appendix 1. Jacobiator of cocycle and coboard 

Here we formulate and prove Lemma, which helps to calculate Jacobiators Ji 7 in Section 

El 

Lemma Al.l. Let e be some parity, preserving by m2\o = [f,g], i-e. e{\f,g]) = 
Let 2- form m2 (/,(?) be cocycle, i.e. 

{-lff)<^)m2{[f,glh) + cyc\e{f,g,h) = 
= _(_1)^(/M^)[^2(/,^),/,] + cycle(/,^,/z), 

and let n{f,g) = diMi{f,g), e„ = eM,. Then 

J{m2,diMi) = J{m2\o,U2) 

where 

U2 = {-iy'-^'''^M,{m2{f,g))-m2{M,{f),g) + 
+ (-lfM9)m2iM,ig)J), eu, = e^.+eu,- 

Proof. Let, for shortness, R = J(m2|o,f/2), J = J{m2,diMi), a{f,h) = (_i)^(-0^('*). 
Evaluate the difference J — R: 

J - R=a{f, h){m2{[M,{f),g],h) - a{g, f)m2{\MM. f],h)- 

-m2{M,i[f,g])},h) + i-iy--^"^[M,{m,if,g)),h] + 

+ (-iy^HW)+<9)]^m2if\g),M,{h)] - i-iy-^'^'^M^i[m2{f,g),h]) - 

-i-iy--^''^[M,{m,{f,g)),h] + [m2{{M,{f),g),h] - 

-a{gJ)[m2mii9)J),h]- 

_(-l)^"^2^MiMi(m2([/, gl h)) + m2(M,([/, g]), h)- 
-aif, h)a{g, h)m2{M,{h), [/, g])} + cycle =^ 
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so 



J - R=a{f, h){m2{[M,{f),g], h) - a{g, f )m2{[M,{g), f],h) + 
+ (-lY^HW)+<9)][m,{f,g),M,{h)] - {-ir-^^^^^M,{[m,{f,g),h]) + 
+ [m2((Mi(/), (7), h] - aig, f)[m2{{M,{g) , /), h] - 
_(_l)-2^MiMiK([/,^?],/i))-a(/,/i)a(^7,/i)m2(Mi(/i), [/,(?])} + 
+cycle 



and 



J - R=a{f, h){m2{[M^{f),g],h) - a{g, f)m2{[M,{g), f],h) + 
+ (-iy^HW)^<3)][m2if,g),M^ih)] + [m2((Mi(/),^7),/i] - 
-a{g, f)[m2m,{g), f),h]- a{f, h)a{g, /z)m2(Mi(/i), [/, g])} 
+ cycle, 

where we use the relation 

h){m2{[f, g],h) + [m^if, g),h]} + cycle = 0. (Al.l) 

After proper cycling we obtain 

J - R=a{g, h)m^{\M^{h), f]),g)- a{f, g)a{g, h)m2{m{h), g], f) + 
+a{f,h){-ir'^^<f^^^^'^^[m,{f,g^ 

g)aig, h)[m2{M^{h), g), f] - a{g, h)m2{M^{h), [/, g]) + cycle = 
= {-iy^'A9){a{g,M,{h))m,{\M,{h)J]),g) + a{f,g)m,{[M,^^^ 
+a{f, M^{h))[m2{f, g), M,{h)] + a^g, M^{h))[m2{M,{h) , f),g] + 
+aif, g)[m2ig, Mi(/i)), /] + Mi(/i))m2([/, g], Mi(/i))} + 
+ cycle. 

Because m is a cocycle, the last expession is zero before cycling: 

+a{f, Mr{h))[m^{f, g), M,{h)] + a{g, M^{h))[m2{Mr{h) , f ),g] + 
+aif, g)[m2ig, Mi(/i)), /] + Mi(/i))m2([/, g], M^ih))} = 

So, J-R = 0. m 

Appendix 2. Jacoby Identity 

We consider the deformation C as a formal series on deformation parameter h, each term 
of this series depends in its turn on generators of some Grassmann algebra G**^ . 

C{z\f,g) = C^'\z\f,g) + hC^'\z\f,g) + h'C^'\z\f,g) + h'C^'\z\f,g) + 
C^''\z\f,g)=9''C^'^\z\f,g), 
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The notation 6'' means 9ij^9i^...9i^, The forms C^'^-' depend on h and don't depend on 9 

C{z\g,f) = 

= {~iy^f^'^s)+e{f)+e{9)c(P)(z\f^g)^ 



Further, 
Jacoby identity 



C'^'\z\f,g) = J2h^ci'\z\f 
I 



^7), /i) + cycle(/, g,h)=0 (A2.1) 

leads to the equations: 

(_l).(/Mh)+.(/H.w^(o)(^|^(o)(|^^^)^^) ^^y^l^^^^^^ = 0, (A2.2) 
^_iy{f)s{h)+e{f)+e{h) [C'(0)(;2|C«(|/,(7),/i) + + cycle = 0,(A2.3) 

and so on. 

Appendix 3. Solution of eq. (IA2.2I) 



In what follows we use the notation uj both for the linear functional AI G D'/ E' defining 
cocycle mn2\7 in Theorem 13.21 and for the kernel of this functional. 



3.1. First order 

Represent C^^\z\f, g) in the form 

C^''\z\f,g)=m2io{z\f,g) + hC['\z\f,g) + 0{h'), = 1. 



It follows from eq. flA2.2p that 

J{m2\o,C[''^; z\f,g,h) = 0. 

This equation was solved in Section [3] and its general solution in the sector e (o) = 1 is (up 
to exact forms) 

Ci\z\f^9) = Ca\im2\a{z\f,g) + 'm2\7\i{z\f,g), a = 4,5,6, 
m2\7\k{z\f,g) = m2\7{z\f,g)\^^^^ . 

The function C'-^^zlf^g) can be represented in the form 

C^'^Hzlf^g) = Uc,^,{z\f,g) + hck\im2\Mf.9) + hm2\7\i{z\f,g) + 
+h^&^\z\f,g) + 0{n^), 6 = 5,6, 5^(0) = 1, 
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where 

Mc = m2\o + Mc, (A3.1) 

and A^c is defined by fl6.ip . 

3.2. Second order 

It follows from eq. (IA2.2P that 



J(m2|o,Cf^) + C4|iCb|iJ(m2|4,m2|b) + C4|i Ji(m2|4, m2|7|i) = 0, (A3. 2) 

= 5, 6, 6*2 ^ = 6*2 + cgiiCgrii + C411C4711, 

Let us remind that 

J(m2|4,m2|a; z\fo,go,ho) = J{m2\A,m2\a] z\fo,go,hi) = 
= J(m2|4,m2|a; = 0, a = 5,6,7, 

^67(^1/0,^0) = C'67(2;|/l,fi'l) = C47|2(/o,^o) = C^'j\2{fl^ 9l) = 0. 

Represent the form M{z\f), = 0, in the form 

M{z\f) = J du[rjM^o,i)ix\y)-^M(^i,o)ix\y)]fiu), 

M{z\fo) = y"d|/M(o,i)(x|2/)/o(y) = Af(o,i)(x|/o), 

M{z\f,) = e /wi,o)(a^iz/)/i(y) = eM(i,o)(x|/i). 



Represent the form C{z\f,g) = -{-lY<f^+^^^<3)+i)c{z\gJ), ec = l,) in the form 

C{z\f,g) = j dvdu[-iC(^i){x\yu,yv) + VuC(2){x\yu,yv) - VvC{2){x\yv,yu) + 

+^VuVvC(3)ix\yu,yv)]i-iy^^^fiu)g{v), C(3)(x|?/^, = C^3){x\yu,yv), 
C{i){x\y^,yu) = -C(^i){x\yu,yv), 

Ciz\fo,go) = ^C(3)(x|/o,5'o), C{z\fo,gi) = C(2)(x|/o, fi-i) 
C{z\fi,go) = -C(2)(a;|^o,/i), C{z\fi,gi) = {C(i)(a;|/i, ^1), 

^67(^1/0,^0) = ^ CQ7^3){x\fo,go) = 0, 
^67(^1/1,^1) = ^ CQ7^i){x\fi,gi) = 0, 

^67 (2: 1/0,^1) = C'67(2) (a; 1/0,^1) = j dyu}{y)fQ{y)g[{y), 

Ce7{z\fi,go) = -C67(2)(a;|fi'o,/i).- 
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We have for M^Azlf^g) = dfM{f,g): 

Md,i3){z\fo.go) = 0, (A3.3) 
M,,(2)(x|/o,^7i) = {d,M^o,i){x\fo)}gi{x) + M(i,o)(x|(7i)/^(x) - M(o,i)(x|/^^?i), (A3.4) 
Mrf,(i)(x|/i,^7i) = {9,M(i,o)(x|/i)}^?i(x) - {9,M(i,o)(x|(7i)}/i(a;) + M(i,o)(a;|(7i)/{(x) - 
-M(i,o)(x|/i)}(7i(a^) + M^,^o)ix\hg[ - f[g,), 

It follows from J{m2\o, C^^; z\fo, go, ho) = 

Cf(l){x\fo,go)h'o{x) + cjde{fo,go,ho) = 0, 

This equation was solved in [4] and [1] and we have 

C2(i){x\fo,go) = 0. 

After this, we have J(m2|o, C^^; z\fo, go, hi) = 0. 
It follows from J{m2\o, C*2°^j ^\fi^ giihi) = 

C^^,)ix\fi,gMix) - {d,C^'ll^ix\fi,gi)}hix) + 

+C^%{x\hg[ - hg[, hi) + cycle(/i, (71, hi) = 0, (A3.5) 

Here we use the property 6*67(3) = 6*67(1) = M^y^2{3) = ^47|2(i) = 0, such that we have 

2(3) - ^2(3)' ^2(1) - ^2(1)- ^ 
(0) 



^2(1) ~ ^2(31' ^2m ~ ^m)- ^'i- ^A3.5I) . was also solved in |1] and P and we have 



C2(i)(^l/i'^i) = C4|2m2|4(i)(a;|/i,^i) + Mrf,(i)(x|/i,^i), 

where M{z\f) is an one-form. 

It follows from eq. (]A3.2p for f = fo, g = gi, h = hi 

{dxC2(2)ix\fo, gi)}hi{x) + C'2(2)(a;|/ofi'i,/ii) + C2(2)ix\fo, gih[) - 
~{gi ^ hi) - C2{i){x\gi,hi)fl^{x) = CiiiCb\iJ{m2\i,m2\b; z\fo, gi,hi) + 
+C4\iJi{'m2\4,m2\7; z\fo,gi,hi), 6 = 5,6, 



or 



{dxD2(2)ix\fo, gi)}hi{x) + D2(2)ix\fQgi,hi) + D2(2){x\fo, gih'i) - 
-{gi ^ hi) = C4\2m2\4ii){x\gi, /ii)/o(a;) + C4\iCb\iJ{m2\4,m2\b] z\fo,gi, hi) + 
+C4|i Ji(m2|4, ^217; z\fo, gi, hi), 

where D2(^2)ix\fo, gi) = C2(2)ix\fo, gi) - M^ifi){x\gi)f(){x) 

Consider the domain [x U supp/o] fl [suppt^i U supp/ii] = 0. In this domain we have 
J{m2\4,m2\b) = Ji{'m'2\4, m2\7) = and we find 

D2{2){x\fo,gih[ - g'lhi) = 0. 



18 



Let fo E D. Then we have 



D2^2){x\fo,9i) = J2T?Wo)dMx) + 5^T|(x|<7i9Vo), fo e D. 

9=0 q=0 



Consider the domain supp/o fl [x U suppf^i U supp/ii] = 0. In this domain we have 
Ti2i4, ■'^21*6) ~ Ji{''T^2\4i n^2\7) = and we find 

{dxD2(2){x\fo, 9i)}hi{x) + D2(2){x\fo,9ih'i) - i9i ^ h) = 0. 
Let fo E D. Then we have 
Q 

J2{d.f?Wo)m9i{x)h{x) - g^{x)dlh{x)] + 

g=0 

Q 

+ Y,T?{x\fo)m'-'9i{x)h{x)-g,{x)d^/'h{x)] + 

Q 

+ Y,T?ix\fo)^l[g^ix)h[{x) ~ g[{x)h{x)] = 0. (A3.6) 

9=0 

Let gi{x) = e^^, hi{x) = e^^. Then we have 
Q 

J2{9^ip' - k') + (x|/o)[p^+^ - k'^^' -ip + ky{p -k)]} = Q (A3.7) 

9=0 



Considering in eq. flA3.7p the terms of higher (Q + 1) order in p, /c, we obtain 

ff = 0, Tf = loc, g > 2, /o G 



and eq. (IA3.6P reduces to the form 

d^f!{x\h) = 0, 9,Tf (x|/o) = loc, heD ^ 

D2i2){x\fo,9i) = T^{x\fo)gi{x) + [ti|i(/o) + t{|2(^l/o)K(x) + 
Q 

+ ^T|(xMVo) + loc, 

9=0 

^}|i(/o) = J dytl^,{y)fo{y), tl^,{x\fo) = J dye{x - y)t\,{y)h{y). h e D. 

Consider the domain [x U supp/ii] fl [supp/o U supp^^i] = 0. In this domain we find 

{dxD2{2)ix\fo, gi)}hi{x) + D2{2){x\fQgi, h) = 

= [c4|iC5|i/ofi'i + c^iiceiie^fogl - C4iiUJi{fQgi)]h[{x). 
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Let fo E D. Then we find 



J2{^.fi{x\g^^''fo)}h{x)+f?{x\f|,g^)hix) + + 

q=0 

+ii\2ix\fo9i)]h'iix) = [cA\iC5\ifo9i + C4\iCe\iOxfo9i - 

-c,^^co,if^g^)]h[{x) =^ (A3.8) 
It follows from eq. (1A3.8P 

d,f^{x\gi) = 0, Vg, q + 1, 

fl{x\g^) = -d,f^{x\gi) =^ T^jxlgi) = -d, T^ix\g i) + loc, 

^i|l(/o^l) + ^"l|2(a;|/o^l) = C4|lC5|l/o< + C4\lCQ\ie^fogi - C4|lWl(/o^l). (A3.9) 

i) Using supp(7i > x, we obtain 



^l|l(/o5'l) = C4jlC5|i/o5'i - C4|iCUi(/o5(i) = 

and then 

i\\2ix\fo9i) = C4|iC6|i6'^/o5'i- 
ii) Using fo{y) = y ioi y E suppg^i, we find 

^l|2(^l^i) = ^ t\\2{A9i) = loc =^ tl^2i^\gi) = 0, 

C4|lC5|l = C4|lC6|l = 0, = -C4|lC^l(5'l)- 

Note that 

T^{x\fo)gi{x) + T^{x\g^f;,) = -d,T^{x\fo)gi{x) + T^{x\gJ[,) + 
+loc = Mdii2){x\fo,gi) + loc, M{x\fo) = - J durjT^ {x\y) f (u) , 

Md,{x\fo,go) = MdMkgi) = 0- 
Rewrite the equation for Cf'' just obtained 

J (m2|o, C'f ^) + C4|i Ji(m2|4, m2|7) = 0. (A3. 10) 



Consider eq. flA3.10P in more details. Let the functions /o, g^, have compact supports. 



Then eq. (]A3.10l) reduces to the form 

J(m2|o, Pi°^) = 0, = C'f + C4|lCi|47|l, Ci|47|fc = ^47!,^,^ , (A3.ll) 

C,^,r{z\f,g) = tuifo)Agiz) - AfizMgo). 
The general solution of eq. (IA3.1ip is (ep{o) = 1) 

= c,|2m2|a + <Mi - C4|iCi|47|i, a = 4, 5, 6, (A3.12) 
Mi(z|/) = M(o,i)(x|/o) +eM(i,o)(x|/i) 

<Mi (;.!/, (7) = [Mi(^|<7),/(^)] - [M,{z\f),g{z)] - M^{z\[f,g]), 
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L.h.s. of eq. f lA3.12p can be extended to the case f,g,h G DE. We will study the 
possibility of the similar extension of r.h.s. of eq. f lA3.12|) . Rewrite eq. flA3.12p in the form 

Ci'\z\f,g)-Cai2m2ia{z\f,9) + M,{z\[f,g]) + c,i^io{[f,g]) = Pf (^1/,^?) = 

= [M,{z\g),f{z)] - [M,{z\f),g{z)] - c,^,[u,{fo)Ag{z) + (-l)^(^)A/(^)a;i((?o)]. (A3.13) 

L.h.s. of eq. ( 1A3.13P can be as before extended to the case f,g,h G DE. Consider eq. 
(1A3.13P for the functions /o, gi- We have 

Pf (z|/o,^i) - M(i,o)(x|^7i)/^(x) = M('o,i)(x|/o)^7i(x) - c,^^co^{fo)g[{x). 

Let gi{x) is fixed and is equal to 1 in a neighborhood f/ of a point xq- For x E U, we 
have 

M('o,i)(a;|/o) = Pf (z|/o,^i) - M(i,o)(x|^?i)/^(x) 

and we can consider this formula as an extension of M^'g^^(x|/o) = M(o,i)(a;|/o) to /o G E. 
Let now another gi{x) is fixed and is equal to a; in a neighborhood of a point Xq. For 
X E V, we have 

C4iiWi(/o) = M(o,i)(x|/o)x + M(i,o)(x|5(i)/o(x) - Pi^\z\fo, gi). 

This relation means that the form C4jia;i(/o) can be extended to /o G E, what is possible 
only if 

C4|lWl(/o) = 0. 



Thus we obtained 



C4|lC5|i — C4|iC6|i — C4|iWi — 0. 



3.3. A. C4|i 7^ 

First we consider the case C4|i 7^ 0. Then C5ji = cq\i = ui = 0. 
We have 

C?\z\f,g) = Ci\im2\A{z\f,g). 
The function C^^\z\f,g) can be represented in the form 

C^'\z\f,g)=N,^^^iz\f,g) + fi'ci'\z\f,g) + Oih'), £^,o) = L 

^2 



3.3.1. Second order 

It follows from eq. (1A2.2I) that 

JKicCf ) = ^. 

C2\z\f,g) = Ca\2m2\a{z\f,g)+m2\7\2{z\f,g), a = A,5,6, 
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The function C^^\z\f,g) can be represented in the form 

C^''\z\f,g) = iV,^|pj(2|/, (7) + h'c,\2m2\a{z\f,g) + h^m2\7\2iz\f,9) + 

k 

+h^C^'\z\f,g) + 0{h''), a = 5,6, e^co) = 1, c^k] = Y.^'^'^'bH, b = 4,5,6. 



1=1 



3.3.2. Third order 

It foUows from eq. flA2.2l) that 

C4|lCa|2<^("^2|4, "^210) + C4|1<^1 ("^2|4, ''^2|7|2) = 0, (A3. 14) 

a = 5,6, = 6*2 ^ + C411C4712 
It follows from eq. (lA3.14p . similarly to solving eq. flA3.2p . that 

C5|2 = C6|2 = W2 = 0, 

and so on. 

Thus, we find: if C4|i 7^ 0, then the solution of eq. flA2.2p has the form 



C'-'\z\f,g)=K,W\L9). 



3.4. B. C4|i = 

Now we consider the case when C4|i = and at least one of c^\i, Cq\i, Ui does not equal 
to zero. 
We have 

C[^\z\f^9) = Ca\im2\a{z\f,g) +'m2\7\i{z\f,g), a = 5,6. 
The function C'-^\z\f,g) can be represented in the form 

= 772210 + fiCa\im2\a + ^'T^2|7|l + ^^(^2°^ + 0{h^), a = 5,6, 6^(0) = 1. 

3.4.1. Second order 

It follows from eq. (1A2.2I) that 

J(m2|o, 6*2*^^) = 0, C'^'' = C^'^ + CgiiCgrii =^ 

Cf^ = Ca\2m2\a + m2|7|2 " C6|lC67|l, O = 4, 5, 6. 

The function can be represented in the form 

C^^\Af^9) =^Ci\y2Mf,g) + hCa\[2]m2\a{z\f , 9) + ^"^2|7|[2](2;|/,^) - h^C^\lC(i7\i 

k 

+h^Cf\z\f,g) + 0{h'^), a = 5,6, e^m = 1, m2\7\[k] = ^h^~'^m2\7\[i] 

1=1 
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3.4.2. Third order 

It follows from eq. f lA2.2p (with equalities 



J{m2\a,m2\b) = J(m2|5,m2|7) = ^(^217) = ■Jim2\c,C67) =0, 

a, 6 = 5,6, c = 5,6,7, (A3.15) 



taken into account) that 

J(m2|o,C'f^) + C4\2Cb\iJ{m2\4,m2\b) + C4|2^i("^2|4, "i2|7|i) = 0, 6 = 5, 6, (A3. 16) 
= + CQ\iCQ7\i + C412C4711, i,j = 1,2, i + j = 3. 

It follows from eq. (lA3.16p . similarly to solving eq. (lA3.2p . that 

C4|2C5|1 = C4|2C6|1 = C4|2Wl = =^ C4|2 = =^ 

= Ca\3m2\a + m2\7\3-Ce\iCQj\i, a = 4:,5,Q. 
The function C^°\z\f,g) can be represented in the form 

C'^'^\z\f,g) =K^^^s]{z\f,g) + fiCa\[3]m2\a{z\f,g) + hm2\7\[3]{ z\f, g) - 



-h%\[2]Ce7m + h''ci''\z\f,g) + 0{h'), a = 5,6, e 



(0) 



where 

k K k 

1=1 1=0 1=0 

3.4.3. Fourth order 

It follows from eq. (1A2.2P (with equalities (1A3.15I) and 

J(C67) = (A3. 17) 

taken into account) that 

J (m2|o, (^f ^) + C4|3Ca|i J(m2|4, m2\a) + C4|3 Ji(m2|4, m2|7|l) =0, = 5,6, (A3. 18) 
C^^ = C^^ + Cq\3Cqi\i + C4I3C47I1. 

It follows from eq. (lA3.18p . similarly to solving eq. flA3.2p . that 



C4|3C5|1 = C4|3C6|l = C4\3UJi = =^ C4|3 = =^ 
= Ca|4"^2|a + "^2|7|4 - C6|3C67|1, a = 4,5,6, 

and so on. 

Thus, we find: in the case when at least one of C5|i, Cgii, ui does not equal to zero, the 
solution of eq. flA2.2p has the form 



C^^\z\f,g) = m2\oiz\f,g) + hCa\[oc]m2\aiz\f,g) + ^rn2|7|[oo]( ^1/' 5') - ^'^C6\[oo]Q 



67|[oo] 
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3.5. C. C4|i = C5|i = cgji = cji = 
Representing C^^^ in the form 



we obtain 



Let in an h''° -order we have 



J{Ci'^-z\f,g,h) = 0. 



J{m2\o,Ci^^) = ^ Ci^^ = Ca\kom2\a{z\f,g) + m2\7\ko{z\f,g), 

and at least one of the quantities Ci\kg, Csi^^, Ceifco, <^ko does not equal to zero. For the folowing 
Cfco+i, ^ = 1, •••5 ^0 — 1, we obtain as well 

J{m2\o,Ci'^li) = ^ Ci'^l, = Ca\ko+im2\a{z\f,g) + m2\7\ko+i{z\f, g), 
such that we can represent C^"^ in the form 

= m2\o + Ca\[2ko-i]'m'2\a{z\f,g) + m2\7\[2ko-i]{ z\ f , g) + cil] + 0{!l''°+'^). 
It follows from eq. flA2.2p the equation for Ci^^^ , 



J{m2\o,Cf^^) + C4|fcoCa|fco J(m2|4,m2|a) + C4|fco Ji (m2|4, m2|7|fco ) = 0' o = 5, 6, 

C6|fe()C67|fco + C4|feo^47|fco =^ 
CA\koC^ko = C4\koCG\ko = C4\ko^ko = 0. 

Doing similarly to previous subsections, we obtain. In general case, there are three types 
of the solutions of eq. flA2.2p 



I. 

CW(z|/,^) = C(°)^(z|/,^7) = iVe^„^,(z|/,^). 

II. 

C^'\z\f,g) = C^'^''{z\f,g)=m2ioiz\f,g) + hc^[^jm2itiz\f,g) + 
+hm2\7\[oo]{z\f,g) - h'^CQi[^]Ce7l[oo], 6 = 5,6, (A3. 19) 

where C4|[oo], Ca|[oo]5 ''^2|7|[oo]5 and C67|[oo] are formal series in h. 
III. We single out especially the limit case 

C^'\z\f,g) = C^^^''\z\f,g)=m2\o{z\f,g). 

Appendix 4. Solution of eq. (IA2.3I) 
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Let C^^\z\f,g) = C['\z\f,g) + Oih), C['\z\f,g) = e^^,A]^l{z\f, g), e^,,, = 0, where 9^^, 

' a\l 

is a finite set of odd generators of tlie Grassmann algebra of parameters. Sometimes, it is 
convenient to use for C[^\z\f, g) a representation 

'^(000)|l ('^1^'" ~ ^'^(000)|1 ("^1^"' ^'')' '^(011)|1 ("^1^*" ~ ^(oil)\l{-^\yuy Vv) 1 

Ci\z\fo,9o) = a|Jj^)|^(x|/o,^o), C{^^(2;|/o, ^i) = ^a|J5o)|^(x|/o, ^i), 
Ci \z\fi,go) = -{ajI}o)|i(x|^o,/i), C[^\z\fi,gi) = ajJJ,o)|i(x|/i, ^i), 
a^X\jx\f,,g,)=0{e) 



4.1. First order 

It follows from eq. flA2.3P that 

J{m2\o,C['^; z\f,g,h) = 0. (A4.1) 

The general solution of eq (1A4.1I) for f,gEDi was found in Section [3l 

C['\z\f,g)D = m^^\z\f,g) + mf\z\f,g), f,g G Di, 
'm2\z\f,g) = Ca\im2\a{z\f,g) - Mi|i(z| [/, 51]), a = 1,2,3, 
mf\z\f,g) = [M,^,{z\f),giz)] - {-lY^^f^^'^^^^^^^'^[M,^,{z\g)Jiz)]}^ 

Mili{z\fo) = ^Z/a(ll)|l(x|/o), Mi|i(2;|/i) = Z/(oo)|l(x|/l), 

C[^\z\f,g)D means a restriction c[^\z\f, g) to the space f,g G Di. The form ■m^\z\f, g) 
are well defined for f,g & ED. Represent C[^\z\f,g) in the form 

C['\z\f,g) = mi'\z\f,g) + M^^l{z\f,g), f,g G ED, 

M^^liz\f,g)D = mf\z\f,g), f,geD,. (A4.2) 

Represent Mf^{z\f , g) in the form 

^2^1(^1/' 5') = j dvdu{-iy^^\-^j!f^QQ^^^{x\yu,yv) + ^??«/i(iio)|i(a;|z/«, - 
-i'n^lJ'{iio)\i{.x\yv^yu) +VuVvfJ'ioii)\i{x\yu,yv)]fiu)g{v), 
^2^1(^1/0,^0) = /i|oli)|i(a;|/o,^o), M2^^-^^ (2; 1/1,^1) = I ^(x 1/1,^1), 
^2^1(^1/0,^1) = ^^[ilo)|i(x|/o,^i), M^^I{z\fi,go) = -^^[ilo)|i(x|^o,/i)- 



Consider eq. (1A4.2P in terms of different components. 



4.1.1. f = fQ,g = gQ 
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We have 
r(2)^.i/ A ^ _ ,,(2) 



M2\l{z\fo,go)D = /^(oil) 1 1(2; 1/0,^0) D = l^{ll)\l{x\fo)go{x)D + fo{x)l^i[u)\l{x\go)D- (A4.3) 



Let fo{x) = X for x G t/ and fixed, U is some vicinity. It follows from eq. f lA4.3P for 
X eU: 

1^(11)11 (a;|^o)D = /^(on)|i(a;|/o,^o)D - '^{ii)|i(a;|/o)^o(a;)D- (A4.4) 



Rel. (1A4.4P means that the forms i^(ii)\i{x\go)D can be extended to the case go E E such 



that we obtain that 

r(2)/.|^ N _ „(2) 



^2|l(^l/0'^0) = /^(oil)|l(2;|/o,^o) = ^{im{x\fo)g'o{x) + /o(x)z/(ii)|i(x|^o)- 



f = fi, g = gi We have 



^^^^^1/1,^1) = /^(ooo)|i(^l/i'^i) = -^m\ii^\fi)gii^) + 



2|1 



+'^(oo)|i(a;|^i)/i(a;)- 
f = fo, g = gi We have 

^2fi(^l/o'^i)D = ^/^(?lo)|i(^l/o'^i)i? = ^hii)|i(^l/o)^i(2;) - '^(ii)ii(a;|/o)^i(a;)] ^ 

^2|i (^l/o>^i) = ^iio)|i(a;|/o)^i) = ^himix\fo)g[ix) - iy[ii)iiix\fo)gi{x)]. 
Thus we obtain that 

C['\z\f,g) = Caiim2Uz\f,g) + dTM,\,{z\f,g), f,geED,, a = l,2,3. 

Note that the last summand in gives the contribution to the function C{z\f^g) that 
can be canceled by a similarity transformation with T{z\f) = f{z) — hMi\i{z\f) + 0{h^6f) 
which does not change the function C^^\z\f, g). 

The function C^^\z\f, g) can be represented in the form 



C^'\z\f,g) = eaiim2Uz\f,g) + h^&^\z\f,g) + 0{h^), a = 1,2,3, 



cPi^lf^g) = ■OaA';^l{z\f,g), e^w = 0, 6^11 = ^aC„a|i- 



a|2 



4.2. I. C('){z\f,g) = C(')'{z\f,g) 

Let C4|[oo] — ^C4|fcQ + 0{h!'°), .C4|fco 7^ Then we have 

C^'^'{z\f,g) = e,i[ko]m2Uz\f,g) + h'^Cj^JI,{z\f, g) + Oih'-"-'), 

ko 



k=l 
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4.2.1. (A;o + l)-th order 

It follows from eq. f lA2.3p that 

J(m2|o,C^Q+i) + C4|fcoep|iJ(m2|4,m2|p) = 0, p= 1,2,3. (A4.5) 
Let / = /i, g = g^, h = hi 

In this case, we have J(?Ti2|4, ?Ti2|3; z\fi,gi, hi) = 0. It follows from eg. flA4.5p 

J{m2\o,Cll^+i;z\fugi,hi) + C4\koQq\iJ{m2\A,rn2\a; z\fi, gi,hi) = 0, g = 1,2 =^ 
«(ooo)|fco+i(^l/i^i - fi9uhi) - [9^.ajJJ)o)|fc^+i(x|/i,^i)]/ii(x) + cycle(/i,^i,/ii) = 
= -■CA\koQg\iJ{m2\4,m2\g; z\fi,gi,hi). 



Let 
We have 



Let 
We have 



[x U supp(/ii)] n [supp(/i) U supp(5'i)] = X n supp(/;.i) = 0. 

«(ooo)|fco+i*^^l.^i' = «i(a;|/i> ^i) + «2(a;|/i, /ii), 
Q 

ai(x|/i,/ii) = 5^RVi(x)a?(x|/ii) -a?(x|/i)92/ii(x)}, 

L 
1=0 

[x U supp(/ii)] n [supp(/i) U supp(5(i)] = 0. 
[5xa(Jod)|fc„+i2(a;|/i,^i)/ii(a;) + a(ioo)|fco+i2(^l/i^i " fm, h)] 



X) 



or 



L Q 
1=0 g=0 



= c4ifco (0iii/r^?i + 2e2|i^../r^7i) K{x) =^ 

a\{x\hg[ - f[gi) = C4|fc„ {e^^^'ffi^ + 26211^;^) . 
Let fi{y) = 1 for y G supp(7i such that we obtain that 

al{x\g[) = 0. 
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Let fi{y) = y for y G suppf^i such that we obtain that 

dl{x\{ygiy-2gi) = =^ al{x\gi) = 



C4\ko {cilifi'gi + 2c2iiej["g,) = =^ 

C4|feo01|l = C4|fco02|l = =^ (A4.6) 

6111 = 6211 = 

Eq. (1A4.5P reduces to the form 

J(m2|o,C^^+i) = -C4|fco63|i^("^2|4,?Ti2|3) = loc. (A4.7) 

In the case when the support of some function does not intersect with the support of 
another function or some neighborhood of x, eq. ( 1A4.7P reduces to 



J{m,\o,Ci'J'^) = 0. (A4.8) 
For the case f,g,h^D,eq. (1A4.8P was solved in [1] and [1] and we have 

<+i = %\ko+m2ip + dTM,^,,^, + cHl^,^^, p = 1, 2, 3. 

Eq. (]A4.7p reduces to 

^("^2lO,C'io+lloc) = -C4|fcol63|l^("^2|4,m2|3). 

Such equation was anahzed in [1]. It follows from the results of [1] that 

C4|fco63|i = =^ 6311 = 0, (A4.9) 

and so on. We obtain finally C^^^' = (more exactly, C^^'^ can be canceled by a similarity 
transformation) . 



4.3. II. CW(z|/,^) = CW^^(z|/,^) 

Let Cb\[oo] = Cb\i + 0{h), b = 5,6, m2|7|[oo] = ''^2|7|i + 0{h), at least one of the quantities 
Cb\i, 'm'2\7\i is not equal to zero. Then we have 

C^'^'\z\f,g) = Q,\m2Uz\f,g) + hCi'^'\z\f,g) + 0ih'), p' = 1,2,3 

4.3.1. Second order 

Using the relations 

J(m2|im2|rf) = J(m2|2,m2|5) = 0, d = 5,6, 7, (A4.10) 
J(m2|2,m2|6) = J{m2\o,C26), J{m2\2,m2\7) = J{m2\o,C27), (A4.11) 
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we obtain from eq. flA2.3|) that 



J(m2|o,C^^^^^) + 03|i[cfe|iJ(m2|fe,m2|3) + -^("22|7|i, "^213)] = 0, (A4.12) 

C^^' = Ci''^'' + e2|l[c6|iC26 + C27I1], & = 5, 6, 

Let f = fo, 9 = 90: h = hi. It follows from flA4.12p that 

[dxO'\!^u)2i^\fo,9o)]hi{x) + [a|;}oj|2(x|/o,/ii)^o(^) - 
~«(oii)|2(^l/o^i'fi'o) + (/o ^ fi'o)] = Q3\i[cb\iJ{m2\b,rn2\3; z\fo, go,hi) + 
+J(m2|7|i,m2|3;2;|/o,^o,/ii)], & = 5,6. (A4.13) 

Let 

[x U supp(/ii)] n [supp(/o) U supp(5(o)] = 
and fo,go ^ D. It follows from (1A4.13P that 

«(m)|2(^l/o'^o) = ^ 

«(oii)|2(^l/o'^o) = d^'^aq{x\fo)dlgo{x) + b{x\fo)go{x) + 



«(in)2(^l/o'^o) = ^ag{x\fo)dlgo{x) + 



q=0 



+ J dy9{x - y)b{y\fo)goiy) + d{fo,go) + (/o ^ 5-0), fo,9o e Di 



Let 



[x U supp(5(o)] n [supp(/o) U supp(/ii)] = xn supp(5fo) = 0, 
fo,go G D and /o(2/) = y ioi y E supp/ii. It follows from flA4.13l) that 

4oi 1^2 (^1^1 'fi'o) " ^ ^ / " y)^(y\^^)9oiy) + d{hi,go) = 
d(/ii,^7o) = ^ = 0. 

Let 

[x U supp(5fo)] n [supp(/o) U supp(/ii)] = 
and fo,go G D. It follows from eq. (IA4.13P that 

^ _ Q 

«(ni)|2(^l/o'^i)fio(a;) -'^ag{x\fl)hi)d^gQ{x) = 

g=0 



03|i[c5|i/o/i'i + C6|i6'^/o/i'i + a;i(/o/ii)]5'o(a;) 
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ao(a;|/o/ii) = 03|i[c5|i/o/i'i + a;i(/o/ii)], Q3\iC6\idxfoK = ^ 

03|lC5|l = 03|lC6|l = 0. 

Eq. (1A4.12P takes the form 

J{m2\o,Ci^^^^) + 63|iJ(m2|7|i,m2|3) = 0. 
Let fo,go,ho G D. The we have 

J{m2\7\um2\3;z\f,g,h) = J{m2\o,C37\i; z\f, g,h) =^ 

J(m2|0,C'^'^'' + e3|lC37|l) =0 =^ 

Ci'^'' + 6311^3711 = mi]l + mg, (A4.14) 



m 



(1) 



'^i{z\f,g) = ea\2m2\a{z\f.9)-M,\2{z\[f,g]), a = 1,2,3, 



m?i = {[M,^2iz\f),giz)] - (-l)(^(^)+i)(^'(^)+i)[Mi|2(^|<7),/(^)]}, 

Mi|2(^|/o) = ei^(ll)|2(x|/o), Mi|2(^|/l) = Z/(00)|2(x|/l). 

Rewrite eq. (]A4.14p in the form 

P{z\f,g) = m'i^izlf^g) -e3\iC37\i{z\f,g), fo,go e D, 
P{z\f,g) = C!2'^'\z\f,g)-m^^i{z\f,g), 

the form P{z\f,g) can be extended to fo,go G E. 

Let f = fo: g = go and y < a; for y G suppg^o and .y G suppfj'o We have 

Q3\icOi{fogo) = P{z\fo,go). (A4.15) 



It follows from eq. flA4.15P that the form 03|i(^i(/o5'o) can be extended to fo,go G E what 



is possible for the case 03|iWi = only. Thus we obtain that 

03|lC5|l = 03|lC6|l = 0311^1 = =^ &3\1 = =^ 

C'i^^^ = Qp\2m2\p - 62|i[c6|iC26 + C2711], P = 1, 2, 3. 
Represent C^^^^^ in the form 

C^^^^\z\f,g) = ep\[2]m2ip{z\f,g) - /ie2|i[c6|iC26 + C2711] + 
+h'ci'^'\z\f,g) + 0{h'), p= 1,2,3, 9311=0 

4.3.2. Third order 

It follows from eq. (1A2.3I) that 

J{m2\o,C^^^^^) + 03|2[c6|iJ(m2|b,m2|3) + J{m2\7\i,m2\3)] = 0, 

Ci'^'' = C'i^'' + (e2|[2][c6|[2]C26 + C27|[2]]|i) , & = 5, 6, 
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where we used relations (1A4.10|) . flA4.1ip . and 



J(m2|i,C67) = J{m2\b,C2e) = J{m2\b,C2i) = ^(^217,(^27) = 

= J(m2|7) = 0, J(m2|7, C26) + J(m2|2, ^7) = 0, 6 = 5, 6, (A4.16) 

and 74(^)1^ means the term of the /i"-order of the Taylor series of A{h). 
Using the results of previous subsubsec, we find 

6312 = 0, 

C^-^-^ = 6a|3"^2|a " ( 02| [2] [C6| [2]C'26 + C'27|[2]]|J , « = 1,2,3. 

Represent C^^^^^ in the form 

C^'^'\z\f,g) = ep\l3]m2Uz\f,g) - h ( [e2|[2](c6[2]C26 + C27|[2])] 

+h^c'i^'\z\f,g) + o{n'),p = 1,2,?,, e3|[2] = o, 

where 74(^)|j^j means the part of the Taylor series of A[h) up to terms of /I'^-order. 
4.3.3. Fourth order 

It follows from eq. flA2.3p that 

J{m2\Q,Cf^^^) + 63|3[cfe|iJ(m2|6,m2|3) + J(m2|7|i, m2|3)] = 0, (A4.17) 

Cl^'' = + (ef3][c6|[3]C26 + C27|[3]]|2) + 02|lC^|iC2667|l , & = 5, 6, 

where we used relations (lA4.10p . (lA4.1ip . (]A4.16p . and 



J{C2,. C^i) = J(m2|o, C2667), J{C27. C^i) = 0. (A4.18) 
It follows from flA4.17p that can be represented in the form 



C^^^'\z\f,g) = ep|[4]m2|p(^|/, (?) - h ( [e2|[3](c6[3]C26 + C27|[3])] 



I [2] 

~h'Q2\icl^C2m7\i + n'&^'^'\z\f,g) + 0{n''),p = l,2,?,, 631 [3] = 0, 

4.3.4. Fifth order 

It follows from eq. flA2.3l) that 

J(m2|o,C'f ^^^) + 63|4[c6|iJ(m2|b,m2|3) + J(m2|7|i, ^213)] = 0, (A4.19) 

Cf^^^ = Cf^^^ + (02|[4][C6|[4]C'26 + (^271 [4]] 1 3) + 

+ h~^ (^02|[4]C6|[4]C2667|[4] l^j , 6 = 5, 6, 



where we used relations (IA4.10p . flA4.1ip . (IA4.16p . (IA4.18P and 



J ("22|d, C'2667) = J (^67, C'2667) =0, = 5, 6, 7. 
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It follows from flA4.19p that C(i)^^ can be represented in the form 

C''^^^\z\f,g) = Qp\[5]m2\p{z\f,g) -h{^ [62|[4](C6[4]C26 + C'27|[4])] 

(e2|[4]c2|[4]C2667|[4]|jJ + h'>C'i^'\zU\ g) + 0{h^), p = 1,2,3, e3|[4] = 0, 



I [3] 



and so on. 

Finally, we obtain: general solution of eq. f lA2.3P for the case C^^^ = C^'^^^^ and at least 
one of the quantities Cb\i, b = 5,6, m2\7\i is not equal to zero is 



C^^^^\z\f,g) = Qq\[oc]m2\qiz\f,g) - /ie2|[oo](C6[oo]C26 + C'27|[oo]) ~ 
^2|[oo]C6|[oo]C'2667|[oo]' 



^^02|[oo]C^|[oolC2667|M' ? = 1' 2. (A4.20) 



It can be analogously provn that general solution of eq. (1A2.3P has as well form (lA4.20p in 

the case Ca|[oo] = ^''°~'^Ca\ko + Oih^^), m2|7|[oo] = ^^°""^rra2|7|/co + 0{h^°), ko > 1, and at least 
one of the quantities Ca\ko, f^2\7\ko is not equal to zero. 



4.4. III. C^){z\f,g) = C^^)''\z\f,g) 
In this case, eq. flA2.3P takes the form 



J(m2|o,CW''0=0, 

such that we obtain 

C^^^''\z\f,g) = Qa\[oo]m2\a{z\f,g), a = 1,2,3. 

Appendix 5. Extension to exact solution 

5.1. Case / 

In this case, the form C = C^'^^^ = Mr,,, , is an exact solution. 

5.2. Case // 

In this case, the form C = C^^^^^ + hC^^^^^ is an exact solution. When proving, we used 
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the relations 

J{m2\b,m2\b') = J{m2\5,m2\7) = 0, J{m2\Q,m2\7) = ^(^210,^67), 

J(m2|b,m2|l) = J(m2|5,m2|2) = 0, J{m2\6,m2\2) = ^("^2|o, C'26), 

J(m2|b,C26) = J{m2\b,C27) = J(m2|b, C2667) = 0, 

J{m2\7) = J{rn2\7,Ce7) = J {m2\7 , m2\i) = 0, J{m2\7,m2\2) = ^(^210,^27), 

J(m2|7,C27) = J(m2|7,C2667) = 0, J(C67) = -^(^67, "^2|l) = 

J(m2|7,C26) + </(C67,"^2|2) = 0, ^(6*67, C26) = ^(^210,^2667), 
'J{Cq7,C27) = ^((^67,6*2667) = 0, 

J(m2|i,C26) = J{m2\l,C27) = J(m2|l,C2667) = 0. 



5.3. Case /// 

We find a solution in the form 

C^^^ = m2|o + /ie,|[oo]m2|, + = 7^Cf p, ^ = 1, 2, 3, 

7^ = 02|[oo]03|[oo], 7^ = 03|[oo]01|[oo], 7^ = ©l] [oo] ©21 [oo] , £(jC2)lll = 1. 

We have 

J(m2|o, C^''^''') + J(e,m2|g, Gsmsis) = 0, g = 1, 2, 



or 



7V(m2|o, CP'') + 7'^("^2|i, m2|3) + 7'^(^2|3, ^2,2) = 0, (A5.1) 

where we used relation J{m2\i,m2\2) = 0. 

Consider eq. flAS.ip for the functions f = fo, g = gi, h = hi, 

[x U supp(/o)] n [supp(5fi) U supp(/ii)] = 0, 

and /o(a;) = 1- We have 

YCl'^''\z\7^{gih[ - g[h), /o) + 7'<^ - 27^Mf^ = (A5.2) 
Let g{y) = 1 for y G supp(/ii). It follows from eq. (IA5.2p that 



Let g{y) = y for y G supp(/ii). It follows from eq. f lA5.2|) that 



YC^'^'"{z\v{yh[ - h), /o) = YC?^''\z\rj[{yhy - 2h]Jo) = =^ 

'(^|r//ii),/o)=0 =^ 7'^-27'Mf^ = =^ 
7' = 7' = 0, 

or 

01|[oo]03|[oo] = ©21 [00] ©31 [00] = (A5.3) 
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Eq. flAS.SP has two types of solutions. 



nil. 63|[oo] = 0, 6i|[oo] and 621(00] are arbitrary. 
III2: 

03|[oo] 7^ 0, 6q|[oo] = Cg|[oo]03|[oo]5 9 = 1; 2 

Respectively, we have two types of exact solutions. 
Ilh: 

C^^^i = m2|o + heqiioc]m2\q, ? = 1, 2. 

Ilh: 

C^"' = m2|0 + ^03|[oo](Cg|[oo]"^2|5 + "22|3), 9=1,2. 



Appendix 6. Evaluation of general solution of eq. (IA2.1I) 



6.1. Case / 

(2). In this case, we can represent the form C as C = = C^^^^ + 1t?C^'^^^ + 0{6^) = 
+ ^^^(2)^ + 0(^3) ^here C^^)^ has the properties ec(2)i = 1, C^^^^ = 0(9^), and satisfies 
the equation 

Let C4|[oo] = fi^°~^C4,\ko + 0{h^°), .C4|fco 7^ Then, in orders k < fco, C^if^^ satisfy the 
equation 

J(m2|o,Cf') = 

and we have 

0Sm = E^'^"^0S' ei^i = 0(na = 4,5,6. 

k=l 



k=l 

Represent in the form 

4|[oo] 

c1|h' = C4|[oo] + fi^^%k,v ^ = = 0. 

IL J 4|[oo] 

6.1.1. (fco + l)-th order 

It follows from eq. (IA2.1D that 

J(m2|o,C'^Q+i) + C4|fcoe;j/J(m2|4,m2|b) + C4|fcoJ(m2|4,m^l^' ) = 0, 6 = 5,6.. (A6.1) 
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As we seen above, see subsec 2 of sec 3, it follows from eq. f lA6.1|l that 
Represent in the form 

4|[ool 

J(iV,(2)i[.o+ii) =0. eg=m^|Ji' = o, 

4|[oo] 

and so on. 

Finally we have 

= M (2)1^ + h^C^''^^ + 0(9^), 

<=4|[oo] 

(3). C^^^^ satisfies the equation 
We have 

fco 

©PiL = ©Si = O{0% V = 1.2.3. 

k=l 

In (/cq + l)-th order we obtain 

</("^2|0,C'I.0+l) + C4|fco0p^l'/("^2l4,m2|p) = 0, p= 1,2,3. (A6.2) 

As we seen above, see subsubsec. 1 of subsec. 2 of sec 4, it follows from eq. ( 1A6.2P that 

P)(3) _ n ^(3)/ _ c)(3) _ , 

and so on. Thus we find C^^^^ = and 

C = Ar,.)iM + + 0(6'), J(A4,,, = 0. 



Finally we obtain 



r^I _ A/- „M _ \^ f:k+2l-ln2l. 



^4|[oo] 

fc,i=0 



■4|fc) 



.0 



C4|fc = 0, < k < ko - 1, c^ifco = C4|fc„ 7^ 0. 



6.2. Case // 
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(2). In this case, we can represent the form C as C = C^^ = C(o)^^ + hC^^^^^ + ^^C^^)-^^ + 
0(6^), where C^^^ is given by eq. flA3.19p . is given by eq. f lA4.20p . J{C^^^^^ +C^^^^^) = 

0, C^^^^^ has the properties eQ(2)ii = 1, C^"^^^^ = 0(9'^), and satisfies the equation 

Introduce notation 

6 = 5,6, g = 1,2. 



Let Cb|[oo] = h''" ^Cb\ko + O(^^o), m2|7|[oo] = ^"^2|7|fco + 0{h'">), ko>l,b = 5,6, and at 

-(2 
A; 

J(m2|o,Cf'') = 



least one of the quantities c^ko^ ''^2|7j/co equal to zero. Then, in orders k < /cq, cf'''^^ 



satisfy the equation 
and we have 



k=l 

kg 



"^217 

fc=l 

77 • 



Represent C in the form 

6.2.1. (fco + l)-th order 

It follows from eq. (1A2.1I) that 

J(m2|o,QQ+i) + Cfo|fco04|^J(m2|6,m2|4) + 64|iJ(m2|7|feo,m2|4) =0' & = 5,6.. (A6.3) 
As we seen above, see subsubsec. 2 of subsec. 4 of sec. 3, it follows from eq. flA6.3p that 

o(2) _ n ^(2)77 _ r^{2) ,^(2)1^0 + 1 

Represent C^^ in the form 

^77 _ y>r77/ [2]|[fco+l] [2]|[fco+l] p. N , ^2r^{2) 

- ■'^ \^b\[oc\ '"^2l7|[oo] ' ^3lMJ + '-'4|[fco+l]"^2|4 + 

+f^''^'cf;;li{z\f,g) + 0{h'°^') + 0{9^), 

(2)|[fco+l] _ fc2pv(2)|[fco+l] 
S|[oo] ~ ^b\[cc,] ^ " '^ftlffeo] ) 

™[2]|[fco+l] _ ^ , ,^ , fe2 (2)|[fco+l] Z, _ r « p)(2) _ n 

'^2|7|[oo] ~ "^2|7|[oo] + 'i "^2|7 ' C — 0, D, U^j^ — U. 
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and so on. 

Finally we have 

(3). C^^^^^ satisfies the equation 

j^^(0)//^^(3)//)^Q_ 

We have 

ko 

^mol = j:^'~'^% Q% = 0{e%p = 1.2.3. 

k=l 

Represent C^' in the form 

In (/co + l)-th order we obtain 

J{m2\Q,Cf^l[) + Cf,|fc„e^^Jj(m2|fe,m2|3) + J(m2|7|fco, mais) = 

= 0, 5,6.. (A6.4) 

As we seen above, see subsubsec. 1 of subsec. 3 of sec 4, it follows from eq. (1A6.4P that 
and so on, such that we obtain. 

--^ Klfool '"^2l7lfool'*^olfool ) + '-^ +<-'(fc'), 



^6|[oo] ' "''2|7|[oo]' ^g|[oo] 



Finally we find 



[00 

c 



fc=l i=0 
00 00 

^sTriM = EE^'^''"'^''"^2|7|fc, = 0, < A; < ^ - 1, 

fc=l «=o 
00 00 

©Si? = E E ^^^""-^^""^41., g = 1, 2, 6 = 5, 6, 
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where, at least, one of the numbers c^^^, '^2\7\ko '^o^ equal to zero. 

6.3. Case ///, only three Grassmann generators 6p^ j9 = 1,2,3 
In this case, we have 

y = ^^^^'^4, /3 = ^i^2^3, A; = 1,2,3. 

It follows from eq. (lA2.ip that 

J ("^210, C/^^^^^) + e'^^Cj\qCk\:iJ (m2|g, msia) = 0, (A6.5) 
J(m2|o, + Q|, J(m2|p, = 0, (A6.6) 

where we used the equalities 9i9j = 6'i7^ = 5^/3. 

It follows from eq. flA6.5l) (see subsec. 3 of sec. 5) 

e'^^Cj\qCk\z = 0, 

J(m2|o, C/^^^^^) =^ C-"'-'^^ = di\am2\a + m2|7,i, a = 4, 5, 6. 



Eq. flA6.6p reduces to the form 

J (m2|o, (7^^^^^)) + Ci|grfi|4 J (m2|g, m2|4) + 
+Ci|3J(m2|3, di\am2\a + m2|7,i) = 0, g = 1, 2, a = 4, 5, 6, 
C''''^'^ = C^'''^'^ +c,\M\^C,, + C,,,). 

Let f = fii 9 = 9ii h = hi. In this case J(m2|3, di\am2\a + "22|7,i) = and we obtain that 

J{m2\o,C^^^^^^) + Q|grfi|4J(m2|g,m2|4) = 0, 
and we find that (see subsubsec. 1 of subsec. 2 of sec. 4, eq. flA4.6p ) 

Ci\qdi\4 = 0, 

J(m2|0, C^^^^^^) + Ci|3J(m2|3, rfi|ar«2|a + "^2|7,i) = 0. 

Let f = fo, g = h = hi and their domains have the properties [x U supp(/ii)] fl 
[supp(/o) U supp(5(o)] = 0, or [x U supp(5(o)] H [supp(/o) U supp(/ii)] = x fl supp(5(o) = 0, or 
a; U supp((7o)] H [supp(/o) U supp(/;,i)] = 0. In this case J(m2|3, m2\4) = and we obtain that 

J (m2|o, C^^^^'^^) + Q|3 J (m2|3, di\bm2\b + m2|7,j) = 0, 6 = 5, 6. (A6.7) 
It follows from flA6.7p (see subsubsec. 1 of subsec. 3 of sec. 4) that 

Ci\zdi\h = Cj|3CJi = 0, 

J(m2|o, C'''^^^) + c,|3rfi|4 J(m2|3, m2|4) = 0. (A6.8) 
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It follows from flAG.SP (see subsubsec. 1 of subsec. 2 of sec. 4, eq. flA4.9P ) that 



Ci\3di\4: — 0, 

Thus, we obtain that the general solution of the type of C^^^ with only three generators 9i 
has the form 

C^^^ = m2|o + MpCpip>m2\p> + h^l\di\am2\a + m2\7^i) + 

+ h^l3[epm2\p - Ci|2(rfi|6C26 + C'27,i)], 

p,p' = 1,2,3, g = 1,2, a = 4,5,6, 
where Cp\pi, di\ai Cp, and Ui are arbitrary series in h satisfying the conditions 

e''^^Cj\qCk\3 = Ci\qdi\4, = Ci\sdi\a = CjlsWj = 0. 
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